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Here we are starting the study of the field equations of relativistic scalar tensor theories in the spherically symmetric 
gravitational field. In the present article we shall consider as an example only the simplest Jordan-Brans-Dicke (JBD) 
one. To illustrate the property of the spherically symmetric JBD configuration we exhibit a new representation of 
the well-known four dimensional solutions. In this model, a suitable segment of Brans solution is chosen for the 
interior of the object while the outer region consists of a Schwarzschild vacuum. We have constructed "Jordan's 
scalar stars" model consisting of three parts: a homogeneous inner core with equation of state p m = £ Qm ; an 
envelope of Brans spacetime matching the core and the exterior Schwarzschild spacetime. We have also showed that 
this toy model can explain the intergalactic effects without the dark matter hypothesis. 



1. Introduction 

The spirit of scalar-tensor extension of general rel- 
ativity is an attempt to properly incorporate the 
Mach's principle [1] and Dirac's large number hy- 
pothesis [2] in which Newton's constant is allowed 
to vary with space and time. Apart from this, 
it is known that the Jordan-Brans-Dicke (JBD) 
scalar field plays the role of classical exotic mat- 
ter required for the construction of traversable 
Lorentzian wormholes [3], [4]. The most promi- 
nent example of scalar-tensor theories of gravity 
is perhaps the JBD theory [5J, [5J. These theories 
introduce a new fundamental scalar field which ap- 
pears to be coupled non-minimally to gravity (in 
the so-called Jordan frame). 

It is usually believed that when the effective 
JBD parameter to is sufficiently large, the scalar- 
tensor theories of gravity are compatible with the 
solar system tests. However, a number of exact 
JBD solutions have been reported not to tend to 
the corresponding general relativity solutions [7], 
[5] , [S] ■ These situation are alarming since the 
standard belief that JBD theory always reduces 
to general relativity in the large u> limit is the ba- 
sis for setting lower limits on the ui -parameter us- 
ing celestial mechanics experiments [TU] , [IT] , [T^] . 
To make the situation worse, as showed by Hawk- 
ing [13] and Johnson [JJ] (cf. Thorne and Dykla 
[T5]) the only black holes in the JBD theory are 
Einstein black holes. If, following Hawking theo- 
rem |13| , we make the reasonable demand that the 
solution of scalar-tensor theory field equations in 
empty space is the Schwarzschild solution lead to 
free estimates of lower limit of u . Moreover, when 
the energy momentum tensor of ordinary matter 
vanishes, for all values of w the JBD theory can 
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agrees with Einstein theory up to any desired ac- 
curacy and hence observations cannot rule out the 
JBD theory in favor of general relativity. Note, it 
is known that in empty space some vector-metric 
theories |16j can be recast simply in the Einstein's 

theory with K= 0, but inside a matter the po- 
tential for the effective vector degree of freedom 
may play a complicated and nontrivial role |17j . 
It is thus imperative to study interior of relativis- 
tic stars in which case these theories could give 
different predictions. It is therefore important to 
study the situation more closely. 

The paper is organized as follows. After giv- 
ing a short account of the JBD theory, it has 
been shown in section 2 that one can find "Jor- 
dan's scalar stars" solutions in isotropic coordi- 
nates. The nature of the "Jordan's scalar stars" 
with perfect fluid matter core has been discussed 
in section 3. Finally the results are summarized 
in section 4. 

2. The "Jordan's scalar stars" 
solutions. 

There is the original spirit [SJ, [5J of JBD the- 
ory of gravity in which the scalar field <fi is pre- 
scribed to remain strictly massless by forbidding 
its direct interaction with matter fields. How- 
ever, the pure JBD theory can be thought of as 
a kind of theory having a non-canonical kinetic 
term and being coupled to gravity non-minimally. 
On the other hand, it is frequently argued that 
the spherically symmetric self - gravitating soli- 
tons appear in a number of field systems cou- 
pled to gravity. For example there are boson 
star solutions in the Einstcin-Klein-Gordon sys- 
tem [3D] and Einstein- Yang-Mills theory possesses 
the Bartnik-McKinnon solutions [3TJ- It is there- 



2 



S.M.Kozyrev 



fore natural to ask whether a scalar star solutions 
might exist in the JBD theory. In fact one can 
regard the field equations as being simply the Ein- 
stein equations with a scalar field which interacts 
with all other matter fields through the trace of 
their energy momentum tensor. 

The search for the exact spherically symmetric 
solutions is continuously of an interest to physi- 
cists. These models have been studied ever since 
the first solution of Einstein's field equation was 
obtained by Schwarzschild. Due to highly non- 
linear character of scalar-tensor gravitational the- 
ories, a desirable pre-requisite for studying strong 
field structure is to have knowledge of exact ex- 
plicit solutions of the field equations [TB]. The 
Birkhoff 's theorem does not hold in the presence of 
JBD scalar field, hence several static solutions of 
the scalar-tensor theories seem possible in spheri- 
cally symmetric vacuum case [19]. Notice that, it 
is obvious that we must apply the Birkhoff theo- 
rem even in Einstein theory only in the exterior 
vacuum domain outside the star. 

Consider spherically symmetric spacetime ge- 
ometry. The most common form of line element of 
a D-dimensional spherically symmetric spacetime 
in comoving coordinates can be written as 



ds 2 = -g tt (r, t) dt 2 + g rr (r, t) dr 2 + 

+p 2 (r,t)cM 2 D _ 2 y (1) 

where dfl 2 D _ 2 ^ is the line element on a unit 
D-2 sphere: 



dttf D _ 2) = [d9 2 0) + (2) 
D-3 

+ E d9f n) I n sin 2 ^!) ]]. 
n=l \ m=l 

One of the basic problems in the description of 
a source of gravitational field in relativistic theo- 
ries is the choice of proper radial variable r. The 
physical and geometrical meaning of the radial co- 
ordinate r is not defined by the spherical symme- 
try of the problem and is unknown a priori [20] . 

The forms of static spherically symmetric vac- 
uum solution of the JBD theories are available in 
the literature often be explicitly written down in 
isotropic coordinates, defined by p 2 (r) — g rr (r) 
r 2 . However, specific solutions, in general, do not 



possess the symmetries of the equations they sat- 
isfy. The different gauge may describe different 
physical solutions of field equations with the same 
spherical symmetry |22) . As it was shown in [23] . 
[24] a nonstandard gauge fixing for the applica- 
tions of general theory of relativity to the stellar 
physics lead to solutions for some hypothetical ob- 
jects with arbitrary large mass, density and size. 

Scalar-tensor theories are described by the fol- 
lowing action in the Jordan frame in D-dimensional 
space-time is: 



S = 



d D x^g{^R - u> O) g^W v <j> - 
-\(<f>))+S m . (3) 



Here, R is the Ricci scalar curvature with re- 
spect to the space-time metric g^ v and S m de- 
note action of matter fields. We use units in 
which gravitational constant G=l and speed of 
light c=l. The dynamics of the scalar field </> 
depends on the functions lj(4>) and A(0). It 
should be mentioned that the different choices of 
such functions give different scalar-tensor theo- 
ries. We restrict our discussion to the JBD theory 
which characterized by the functions A(</>) = 
and to (4>) = uj / <j>, where u is a constant. 

Variation of ([3]) with respect to g p „ and (f> 
gives, respectively, the D-dimensional field equa- 
tions: 
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--(V^V^-g^V^)]. (5) 
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and T^f x is the energy momentum tensor of or- 
dinary matter which obeys the conservation equa- 

tion T#. A g" A = 0. 

In this part of article we chose to work in static 
four dimensional isotropic spherically symmetric 
metric (TTJ) with p 2 = r 2 g rr , 



ds 2 



3 2 ^dt 2 + e 2 ^(dr 2 +r 2 dQ 2 ). (7) 
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because we found them to be the most widespread 
in literature and well known Brans solutions writ- 
ten down in this coordinates too. The use of 
isotropic coordinates is not a matter of deep prin- 
ciple and we do not rule out the possibility that 
there may still be other representations in other 
coordinate systems. 

Hawking's theorem [13] in JBD states that 
the only spherically symmetric solution is static 
and given (up to coordinate freedom) by the 
Schwarzschild metric. However, as we have seen, 
even restricting to stationary spherically symme- 
try JBD theory has more solutions. Then one con- 
sequence of this is the possibility to use these solu- 
tions as interior and match it with Schwarzschild 
metric. To get a sense of the nature the static 
"Jordan's scalar star" solutions we consider here 
the simplest example, four-dimensional stars with 
Brans class I 6 solution as interior 
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and Schwarzschild solution as exterior of ob- 
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= 1, 
A = In 

v = In 
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In the case of ordinary stars model the discon- 
tinuity in the mass density at the surface entails 
via the field equations a jump in second deriva- 
tions of metric coefficient, but first derivatives re- 
mains continuous so can be used to match to the 
vacuum solution. The spherical symmetry by it- 
self automatically implies that once one calculates 
the Einstein tensor and goes to an orthonormal 



frame. These comments are of course quite stan- 
dard and in some form or another implicitly un- 
derlie all extant static spherically symmetric per- 
fect fluid solutions. The same could happen for 
the "Jordan's scalar star" models also. 

The JBD scalar field fluid, however, would fail 
to be a perfect fluid. That the stress-energy tensor 
of a scalar stars, unlike a classical fluid (but the 
similar as in the case of boson stars [32] ), is in 
general anisotropic. For a spherically symmetric 
configuration, it becomes diagonal ([5]), i.e. 

T^O) = dia g (g.-Pr, ~P±,-P±)- 
In contrast to a neutron star, where the ideal 
fluid approximation demands the isotropy of the 
pressure, for spherically symmetric " Jordan's scalar 
star" there are different stresses p r and pi in ra- 
dial or tangential directions, respectively. 

Now in order to justify calling the geometry an 
exact solution we need an explicit definition for 
the constant in Brans solution. The integration 
constants of Brans solution C, An. , vq and B are 
arbitrary. However, it is possible to match this 
solution to the vacuum Schwarzschild metric. The 
brief computation yields. 



B 



C = 



/ 2r 2 - 2r*n + /i 2 (2 + u) 
r *Y-2r* M + 2/i 2 + r 2 (2 + w)' 

2 (r 2 - r»/i + /i 2 ) 



An = 111 



27^+2^ + r* M 0-2) 
A t-# l-l Zj 



(r* + nY 



r 2 _ B 2 



In 



V 

\ 

2(^+M 2 -^m) 



r* - B 



where r* the radius of "Jordan's scalar star" 
where we match the both solutions and the mass fj, 
is defined as Keplerian mass, as seen by a distant 
observer. 

Then in this context, unlike the scalar-tensor 
theory spirit of the original JBD gravity, the inter- 
nal scalar field is not viewed as a part of the gravi- 
tational degrees of freedom but instead is thought 
of as playing the role of a matter degree of free- 
dom. Obviously, this solution has a geometrical 
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topological nature and may be used in the at- 
tempts to reach description of "matter without 
matter" . Apparently then, these models are also 
expected to provide a successful explanation for 
the phenomena associated with the dark matter. 

Furthermore, there is now a growing consensus 
that wormholes are in the same chain of stars and 
black holes. A remarkable feature of our model 
is the fact that, one can represent it as wormholc 
the "bridges" between two separated Universes of 
different natures. 

3. The "Jordan's scalar stars" with 
perfect fluid matter core. 

On the other hand, the more difficult task is 
the construction of interior perfect fluid solu- 
tions which are of great astrophysical interest. 
In this line of thought, it is interesting to note 
that a relatively new model denoted as a gravas- 
tar (gravitational vacuum star) [33], consists of 
a compact object with an interior de Sitter con- 
densate, governed by an equation of state given 
by V — ~ matched to a shell of finite thickness 
with an equation of state p = g. In this work, a 
extension of the gravastar picture is explored by 
matching an interior solution with p m — £ Q m 
to an exterior Schwarzschild solution at a junction 
interface, comprising of a "scalar shell" . Although 
this does not closely describe realistic stars, it can 
be adequate for indicating the behavior of mass 
limits and the stability properties of equilibrium 
configurations. 

There are some known exact perfect fluid in- 
terior solutions in JBD [34] , [35] , [36] . Those solu- 
tions, however, are not physically acceptable: the 
pressure is singular at the center or the solutions 
have not a well defined boundary. Nevertheless, 
the exact solutions, even unrealistic, could qual- 
itatively describe the case of a static, spherically 
symmetric perfect fluid "Jordan's scalar star". 

In what follows we will consider the case of 
cold ultrahigh-density static configuration. One 
can use a perfect-fluid ordinary matter model with 
simple equation of state 

Pm = sqm- 



Because of the considerations above we allow 
for three different regions with the three different 
equations of state, 

Interior : < r < r i , p M = £ Qm , <j> 7^ 
constant, 



Shell : n < r <r 2 , qm = Pm = 0, <j> ^ 
constant, 

Exterior : r 2 < r , qm = Pm — 0, <j) — 
constant. 

At the interfaces r — r \ and r — r 2 , we require 
the scalar field <j> and metric coefficients and first 
derivatives of metric coefficients to be continuous, 
although the derivatives of <f> be able to discon- 
tinuous from the first order. Since our model is 
a mixed perfect fluid and exotic matter core, the 
requirement that pressure and density involve the 
scalar fields tell us that we can find the surface of 
the star by locating the first zero of total p(r) or 
g(r). 

The interior JBD solution for isotropic coordi- 
nates can be obtained by using the method dis- 
cussed in [34]. The field equations (j4|), ([6|) can be 
integrated to give 



(ft = a e c 
A = A., - 



Vln((l - b) r) 



6-1 

v = u s + Qlnr, (10) 
q = ce c " s - 2As r c H(3((l-i)r)nx 
((b-l)(l + Q + cQ)-V) (3 + 2co) 



(6-l)(3e-l) 



where 



3e- 1 



b 
V 

Q 



(3 + 2w) + (w + 1) (3e - 1) ' 
_ Q cQ(2 + uj -e(3 + u)) 
2 + 2(3e-l) 
{Q-l)Q cQ{2 + uj + Qui-e{Z + u))) 



-cQ 



2(3e- 1) 
2 1 — ew + c £ (3 + 2to) 
2(3e- 1) ' 
2e (2 + w + 3e (1 + w)) 
y/2 + uj + 6e (1 + uj) + 9s 2 (2 + ui) 
1 

y/2 + uj + 6e (1 + lo) + e 2 (6 + lu) 



Consequently possibility of composite models 
is obtained by matching the surfaces r = r\ and 
r = T2 since solutions would be forced to match 
on both surfaces. We examine matching across 
these surfaces between solutions (fTOj) . ([9]) and ([9]) 
to obtain the values of constants of integration. 
After some algebra one can decide 
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Figure 1: The outer radius of the scalar envelope 
is r 2 and the total Keplerian mass inside r 2 is fi . 
The equation of state of the core is pm = £ Qm ■ 
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In a realistic situation, interior matter is present 
inside a star. Then, to obtain a viable stellar con- 
figuration, one has to match solutions on both 
surfaces of scalar shell. Since there are the free- 
dom of determination integration constant be- 
tween inside and outside the star, and hence it is 
easier to satisfy the matching condition. Indeed, 
the matching mechanism has been shown by us 
to work in this model. It is clear from this fact 
that one can construct viable models of "Jordan's 
scalar star" with ordinary perfect fluid equation 
of state. 

The above analysis shows that, for certain val- 
ues of e < 0.3, the solutions (fl~0|) may actually be 
interpreted to yield a gravitation interaction in- 
wardly of objects goes to zero in the centre and 
increases beside surfaces. This choice of the coef- 
ficient e represents a monotonic increasing " grav- 
itation constant" in the star interior, and was ob- 
tained previously in the analysis of static spheres 
[37] as a specific case of the Newtonian limit of 
JBD theory. 



Scalar shell 




Figure 2: Sizes for shells and Keplerian masses in 
the "Jordan's scalar stars". 



4. Discussion and Conclusions 

Using the key assumption that the Brans class I 
[6] solution physically acceptable because the so- 
lutions have a well defined boundary and they can 
match with the Schwarzschild exterior solution at 
the boundary surface it was found the mass and 
radius of scalar stars. On the other hand this so- 
lution can be interested in giving a pure field rep- 
resentation of particles. 

The new results include matching between ex- 
act interior solutions in the perfect fluid family 
and the Brans and after that Schwarzschild so- 
lutions. It is clear that the approach to scalar 
stellar structure, developed in the present arti- 
cle, calls for revision of some of widely accepted 
features of the relativistic theories of stars. The 
changes are not based on the critics of these theo- 
ries, but on more deep understanding of its ap- 
plications, and on attempt to solve some open 
problems. Hence, our toy models have an essen- 
tial impact only on the theory of the interior of 
relativistic stars, and on theory of spreading of 
different physical fields in stars, and around the 
stars. Among others, this solution one can as- 
sume as wormhole the "bridges" between sepa- 
rated Schwarzschild and Brans Universes. 

In this context, it is demonstrated that our toy 
model can successfully predict the emergence of 
dark matter in terms of a self-gravitating space- 
time solution to the JBD field equations with 
non-trivial energy density of the JBD scalar field 
which was absent in the context of general rela- 
tivity where the Newton's constant is strictly a 
constant having no dynamics. Bearing the above 
evaluation in mind, let us comment on the other 
specific models of scalar and vector metric grav- 
ity. The some vector-metric theories one shared 
the similar structure of energy momentum tensor 
[16j . Therefore, we expect that the same problem 
arises in these theories. We have shown that this 
predicts a rather interesting physics for the range 
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from stars to clusters of galaxies. First of all we 
point out that in this model the stars acquires fea- 
tures of a two-component objects (ordinary matter 
and scalar or vector field) whose distribution in 
the observed 3-dimensional volume can has, in an 
addition to standard model, an envelope of scalar 
or vector fields. Moreover, such a picture can 
represents a Schwarzschild background, while the 
interior should be considered as vacuum solution 
of scalar or vector-metric theories which defined a 
Keplerian mass of this object. 

Some final remarks, now the local value of the 
Newtonian "gravitation constant" measured only 
near the Earth. For central and peripheral parts 
of Galaxy value of "gravitation constant" can be 
vastly differ from Newtonian value. In this point 
of view the dark matter problem may be explain 
by a mixture of various interacting scalar and vec- 
tor field potentials inside the galaxies and galaxies 
clusters. 

5. Acknowledgments 

The author is grateful to R.A. Daishev and S.V. 
Sushkov for the useful discussions. The work 
was supported in part by the Institute of Applied 
Problems. 

6. Appendix 

The possibility that spacetime has more than four 
dimensions, was first contemplated by Nordstrom 
[25j . It is helpful here to emphasize the equiva- 
lence between the (D + 1) Kaluza-Klein theories 
with empty D-dimensional JBD theories when uj 
= [26]. Now the idea that spacetime has extra 
dimensions lies today at the heart of the most the- 
ories of unification of the fundamental interactions 
present in Nature, but the introduction of the fifth 
and higher dimensions requires a careful approach. 
In particular, static spherically symmetric vacuum 
solutions in D-dimcnsional scalar-tensor theories 
shed new light on the complex features of objects 
in these models. 

According to the standard textbooks [27] the 
static spherically symmetric vacuum JBD solu- 
tions can often not be explicitly written down in 
standard Hilbcrt or curvature coordinates and it 
is better to work in isotropic coordinates. How- 
ever, the first exact solution of JBD field equa- 
tions in widespread Hilbert coordinates were ob- 
tained in parametric form by Heckmann [28j , soon 
after Jordan proposed scalar-tensor theory. This 
solution describes the geometry of the space-time 



exterior to a prefect fluid sphere in hydrostatic 
equilibrium. The change of variables technique for 
obtaining the similar static solutions in D dimen- 
sions are known by now [29]. Choose the static 
spherically symmetric metric ([I]) in Hilbert gauge: 



P 



— r, g rr = e 2X ^ and 



=P M?) 



ds 2 



3 2 ^dt 2 + e 2X ^df 2 +f 2 dQ 2 



(11) 



It is actually possible to change variables so 
that one will replace variable r by r ( v ) then 
the field equations ([!]), ([6]) take a form: 



1 + V 



(D - 2) f> f" 



r 



-1 + A'- 
6'X' 



(D - 2) f'A 



-1 + A 



, (D — 3) (-1 + e 2X ) f 1 



, , (D — 2) r' f' 1 



(12) 
(13) 

(14) 
(15) 



where now v is a new variable and the primes 
denote derivatives with respect to v . 

By eliminating r [v ) and A ( v ) from equations 
(fl"2"|) and (|15[) we can obtain the following equation 



(16) 



Eq. (|16|) can immediately be integrated to give 



(17) 



where </>o and b are an arbitrary constants of inte- 
gration. Specifically, if the scalar field is constant 
(0 = const) then the solution of Eqs. (fl"2"]) - (fT5"]) 
is a D - dimensional Schwarzschild solution. 



A = —v, 
f = (-1 + e 



(18) 



2v\ 3=D 



After a straightforward calculation using Eqs. 
(fl"2"|) - ([T5]) and (fT?)) . we obtain the three possi- 
ble solutions for metric components and function 
r(u) : 
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A = ln 



.4 



A+(l + b) z 
f = a{{D-i)e (1+b)v {{l + b) x 



A{q + v) , (19) 



cos 



A = ln 



A(q + u) 



sm 



A (7 + v) 



.4 



A + (i + by 



■ sec VA (q + v) , (20) 



(1 + b) <x,t[VA(q + v)] 



{{D-2) (A-{l + bf)~ 
[A + (1 + 6) 2 ) cos [2VI (g + v) 



A = In ( 2^J~A~a e uV ^ 



(21) 



- ln((l + b) - y/^A - 
- e 2 -^ ((1 + b) + V~4) a), 



,(.D-3) e ( (1+6) - v ^) l \ 

1 

2 



21/ v 3 ^ 



■1 + ge 

where q and a are an arbitrary constants of inte- 
gration and 



.4 



(b - i f (1 + 2lu) -(£>-!)(! + b 2 (1 + w)) 



D-2 



The derivation extends previous results of 
Heckmann for higher dimensions. By choosing 
some values of arbitrary constant b several special 
classes of static vacuum solutions can be obtained 
in the framework of the scalar-tensor model. As- 
suming that the arbitrary constant b = -1, one 
can obtain another solution: 



4> = <fi e" 



(22) 



A = - In 
2 



f = a cosh 



;V(a> + 2) (D - 3) 



Alternatively, instead of taking the b = - 1, 
we can form the constant b = 2/u> and obtain an 
different description of the solution. 



= 0o e 



A = q- 



v(2 + uj) 



u> 



(23) 



r = a —e H + e 



2g 



Now using the constant from the equation ([17 



b = ± 



1 - v/(3-L>) (a; (£> - 2) + £> - 1) 



D - 2 + u (D - 3) 



we get 



4> = 0oe^\ 

A = - In \Bv + g] 

r = a {e Bv (-1 + q + By))- 



(24) 



So far the solutions found is a simple mathe- 
matically consistent solutions. It was constructed 
to clarify the method described in this section. In 
order to obtain a physically acceptable solution, it 
is necessary to carry out a more careful analysis. 

We have explicitly characterized the D - di- 
mensional spacetime metrics corresponding to the 
JBD static spherically symmetric geometries in 
a relatively straightforward manner. Although a 
tremendous amount is already known concerning 
static spherically symmetric spacetimes the par- 
ticular approach adopted in the present article 
may be useful for understanding the inherent non- 
linear character of JBD gravitational theory. 

While the vacuum JBD field equations possess 
a well-known D - dimensional Schwarzschild so- 
lution for an isolated mass M, one can transform 
other above vacuum spherically symmetric solu- 
tions into an interior of "Jordan's scalar star". If 
we consider models in which the central region 
contains the scalar field only, then it can be used 
to study the interior structure of the D - dimen- 
sional relativistic objects with anisotropic pressure 
of exotic matter. 
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